Introduction
Let M g,n be the moduli space of Deligne-Mumford stable, n-pointed, genus g, complex algebraic curves. There is an algebraic stratification of M g,n by the underlying topological type of the pointed curve. These strata are naturally indexed by stable, npointed, genus g dual graphs. A relation among the cycle classes (or homological classes) of the closures of these strata directly yields differential equations satisfied by generating functions of Gromov-Witten invariants of algebraic varieties. The translation from a relation to differential equations is obtained by the splitting axiom of Gromov-Witten theory ([RT1] , [KM1] , [BM] ). In genus 0, all strata relations are obtained from the basic linear equivalence of the three boundary strata in M 0,4 ( [KM2] ). The corresponding differential equation is the Witten-Dijkgraaf-Verlinde-Verlinde equation. In genus 1, Getzler has found a codimension 2 relation in M 1,4 ( [G1] ). The resulting differential equation has been used to calculate elliptic Gromov-Witten invariants ( [G1] ) and to prove a genus 1 prediction of the Virasoro conjecture for P 2 ( [P] ). Getzler's equation has been studied in the context of semi-simple Frobenius manifolds in [KK] and [DZ] .
Let X be a nonsingular complex projective variety. Let M g,n (X, β) be the moduli space of stable maps representing the class β ∈ H 2 (X, Z). The descendent invariants are the integrals
where γ i ∈ H * (X, Q) and ψ i is the first Chern class of the cotangent line on (the stack) M g,n (X, β) corresponding to the i-th marked point. These invariants play a central role in Gromov-Witten theory. For example, they arise naturally in expressions for flat sections in the Dubrovin formalism ( [D] , [Gi] ), in the virtual normal bundle terms in torus localization formulas ( [K] , [Gi] , [GP1] ), and in the Virasoro conjecture [EHX] . A geometric interpretation of certain low genus descendent invariants of P 2 in terms of the classical characteristic numbers of plane curves is given in [GP2] . Some foundational issues concerning descendent integrals are treated in [RT2] , [KM3] , and [G2] .
In genus 0 and 1, the classes of the cotangent lines on M g,n may be expressed as sums of boundary divisor classes. Such expressions yield topological recursion relations among the descendent invariants and may be used to prove that in genus 0 and 1 the descendents are determined by Gromov-Witten invariants. In higher genera, divisorial topological recursion relations do not exist. In genus 2, Getzler has determined weaker topological recursion relations from boundary expressions for ψ 2 1 and ψ 1 ψ 2 ( [G2] ).
The strata in M g,n are themselves products of moduli spaces of pointed curves (quotiented by symmetry groups). Therefore, cotangent line classes are defined on the strata. It should be noted that not all of these classes are restrictions of cotangent lines on M g,n . A descendent stratum class in A * (M g,n ) is the push-forward from a stratum S to M g,n of a monomial in the cotangent lines of S. Relations among the descendent stratum classes yield differential equations for the generating functions of descendent invariants of algebraic varieties. In physics, this generating function F X for a nonsingular projective variety X is called the full gravitational potential function. The Virasoro conjecture states that exp(F X ) is annihilated by an explicit representation ρ X of the affine Virasoro algebra in an algebra of differential operators ( [EHX] ).
In this paper we present a new genus 2 relation among codimension 2 descendent stratum classes in M 2,3 . Getzler has computed h 4 (M 2,3 ) = 44 via a subtle method using mixed Hodge theory and modular operads ( [G2] ). The number of descendent stratum classes in A 2 (M 2,3 ) is 47. Exactly 2 relations are obtained from the basic genus 0 linear equivalence. Therefore, there must exist a new relation, at least in homology. We find an algebraic relation in A 2 (M 2,3 ) via the admissible cover technique introduced in [P] . In fact, the relation lies in the S 3 -invariant subspace. The resulting differential equations together with the known topological recursion relations are strong enough to determine the genus 2 descendent integrals for P 2 . The plan of the paper is as follows. The admissible double cover construction is reviewed in Section 1. In Section 2, this construction is used to calculate the new relation in A 2 (M 2,3 ). Formulas expressing the cycle classes of Weierstrass loci in the moduli spaces of pointed curves of genus 1 and 2 in terms of descendent stratum classes are required for the computation of the new relation. These formulas are also obtained in Section 2 via the space of admissible double covers. The application to the descendent integrals of P 2 appears in Section 3. Our greatest mathematical debt is to E. Getzler for informing us of his homological computation. His work provided the motivation for our calculation. Thanks are also due to C. Faber and T. Graber for related conversations. The second author was partially supported by a National Science Foundation post-doctoral fellowship.
Admissible double covers
A genus g admissible cover with n marked points and b branch points consists of a morphism π : C → D of pointed curves (C, P 1 , . . . , P n ), (D, p 1 , . . . , p n , q 1 , . . . , q b ) satisfying the following conditions.
(1) C is a connected, reduced, nodal curve of arithmetic genus g.
(2) The markings P i lie in the nonsingular locus C ns .
(3) π(P i ) = p i . (4) (D, p 1 , . . . , p n , q 1 , . . . , q b ) is an (n + b)-pointed stable curve of genus 0.
(5) π −1 (D ns ) = C ns . (6) π −1 (D sing ) = C sing . (7) π| Ens isétale except over the points q j where π is simply ramified. (8) If x ∈ C sing , then (a) x ∈ C 1 ∩ C 2 , where C 1 and C 2 are distinct components of C, (b) π(C 1 ) and π(C 2 ) are distinct components of D, (c) the ramification numbers at x of the two morphisms π : C 1 → π(C 1 ) and π : C 2 → π(C 2 ) are equal.
These conditions imply that the map π : C → D is of uniform degree d, where
Let H d,g,n be the space of n-pointed genus g admissible covers of P 1 branched at b points.
Only the admissible double cover case in genus 1 and 2 will be considered in this paper. The space H 2,g,n is an irreducible variety. There are natural morphisms λ : H 2,g,n → M g,n , π : H 2,g,n → M 0,n+2g+2 (2) obtained from the domain and range of the admissible cover respectively. In genus 1 and 2, λ is clearly surjective. The projection π is a finite map to M 0,n+2g+2 . For each marking i ∈ {1, . . . , n}, there is a natural Z/2Z-action given by switching the sheet of the i-th marking of E. These actions induce a product action in which the diagonal ∆ acts trivially. Define the group G by:
The action of G on H 2,g,n is generically free and commutes with the projection π. Therefore, the quotient H/G naturally maps to M 0,n+2g+2 . In fact, since the morphism
is finite and birational, it is an isomorphism. Spaces of admissible covers were defined in [HM] . The methods there may be used to construct spaces of pointed admissible covers. An alternative construction of the space of pointed admissible covers via Kontsevich's space of stable maps is given in [P] . A foundational treatment of the moduli problem of admissible covers is developed in [AV] .
Our method of obtaining a codimension 2 relation in M 2,3 is the following. Consider the diagram:
There are relations in A 2 (M 0,3+6 ) among the classes of codimension 2 strata. Such relations yield cycle relations in A 2 (M 2,3 ) via pull-back by π and push-forward by λ. The resulting cycles in M 2,3 include Weierstrass loci. By further expressing these Weierstrass loci in terms of descendent strata, a new nontrivial relation is obtained. 
We begin by explaining our notation. All classes considered are stack fundamental classes, and all Chow groups are taken with rational coefficients. A stratum S is denoted by the topological type of the stable curve corresponding to the generic moduli point of S. In the diagrams, the geometric genera of the components are underlined.
A descendent stratum class in M 2,3 with unassigned markings denotes the sum of descendent stratum classes over the 3! marking assignment choices. For example, The main advantage of this notation is the following: an unsymmetrized equation among descendent strata may be symmetrized by simply erasing the markings. While our main relation (4) is symmetric, most of the auxiliary formulas expressing classes of geometric loci in terms of descendent stratum classes are not. Since many of these formulas are of independent interest, we present them in the unsymmetrized form. There are 3 strata in equation (4) The cotangent line class is always on the genus 2 component. On the first and third strata above, the cotangent line is taken at the node; on the second stratum, it is taken at the marked point.
The new relation will be found via an admissible double cover construction. Let M 0,3+6 be the moduli space of stable genus zero curves with the marking set
The 9-pointed genus zero curve will be the base of the admissible cover: the points p i correspond to the images downstairs of the marked points of the cover and the points b i correspond to the branch points.
Remark. Let λ and π be the morphisms from diagram (3). Let S 6 act on M 0,3+6 by permuting the branch points b i . Then the homomorphism
is S 6 -invariant. 
Let Λ D denote the corresponding relation in A 2 (M 0,3+6 ). Symmetrization with respect to the natural S 3 -action on M 0,3+6 permuting the points {p 1 , p 2 , p 3 } yields the relation , the letters x, y designate an imposed linear equivalence on the markings and nodes: the divisor sum of the points lettered x must be equivalent to the divisor sum of the points lettered y. In the first two strata, the sum of the points lettered x must be equivalent to twice the node point on the left component. The third stratum has an imposed linear equivalence on the normalization: the sum of the two preimages of the node must be equivalent to the sum of the points lettered x. Our previous convention regarding unassigned markings holds: the sum over the 3! marking choices is taken. Theorem 1 will be obtained from Lemma 1 by expressing all occurring strata in terms of descendent strata.
Proof of Lemma 1. The method of proof is by direct calculation of the map λ * π * on each term of (5). The technique is identical to the elliptic calculations in [P] . We will give a representative example of the computation.
Let C be the codimension 2 stratum of M 0,3+6 occurring as the divisor D(⋆p 3 |b 1 . . . b 6 ) in M 0,A . The generic point of C corresponds to a genus 0 stable curve which is a chain of three rational components U, V, W . The marking distribution is as follows: p 1 and p 2 on U, p 3 on V , and the six branch points b 1 , . . . , b 6 on W . An admissible cover over such a curve consists of disjointétale double covers of U and V and a genus 2 double cover of W branched over b 1 , . . . , b 6 . 
The preimage π −1 (C) has four irreducible components Σ 1 , . . . , Σ 4 corresponding to four ways (up to isomorphism of the cover) of distributing the marked points among the sheets of the cover. The component Σ 4 parametrizes covers with all three marked points placed on the same sheet, whereas each of the components Σ i , 1 ≤ i ≤ 3 parametrizes covers with p i placed on one sheet and the remaining two markings placed on the other sheet. Since the projection π is a finite group quotient, we can compute the pull-back of the class of C by π * using the following lemma (see [V] for the proof).
Lemma 2. Let G be a finite group, let X be an irreducible algebraic variety with a Gaction, and let α denote the quotient morphism α : X → X/G. There exists a pull-back
where V is an irreducible subvariety of X/G, the scheme α −1 (V ) red is the reduced preimage of V , and |Stab(V )| is the size of the generic stabilizer of points over V .
The stabilizer of points over C is trivial. Hence, by Lemma 2, we get
The λ push-forward of the class of the component Σ 4 is 6! × 
2.5. Weierstrass to descendent stratum classes. Combining relations (6), (7) Proof. Consider the following 4-point linear equivalence on M 0,2+6 :
Consider the morphisms
The application of λ * π * to relation (11) yields 3 · 5! times relation (10).
2.6. Genus 1. We list the relations in A 1 (M 1,n ) necessary to express the classes in (6), (7) and (8) with genus 1 components constrained by linear equivalence conditions in terms of the boundary classes. These relations are obtained similarly to the above relations, only using the space of elliptic admissible double covers (with 4 branch points). See [B] for details. Lemmas 3-6 and the above equations express all the strata occurring in relation (6) in terms of descendent stratum classes. The resulting relation among descendent stratum classes is (4). The proof of Theorem 1 is complete.
3. Descendent integrals on P 2 3.1. 1-cotangent line integrals. Let X be a nonsingular projective variety. Define the 1-cotangent line descendents to be the integral invariants (1) of X with at most 1 cotangent line class. By Getzler's topological recursion relations in genus 2 ([G2]), the 1-cotangent line integrals determine all genus 2 descendent integrals. Relation (4) yields new universal equations satisfied by descendents invariants of X. It was initially hoped these equations would show that genus 2 descendents could be uniquely reconstructed from Gromov-Witten invariants for any space X. Such universal reconstruction results are known in genus 0 and 1. However, we found all of our reconstruction strategies thwarted by specific unexpected linear relations among the coefficients of relation (4). While universal descendent reconstruction may hold in genus 2, new ideas are required: either subtle strategies involving relation (4) or yet another genus 2 relation.
Much more can be said if attention is restricted to specific target spaces. In this section, relation (4) is shown to determine all 1-cotangent line descendents of P 2 from degree 0 ones and the lower genus invariants. Hence, using Getzler's topological recursion relations, all genus 2 descendent invariants of P 2 are determined via descendent stratum relations in M 2,n .
Let T 0 , T 1 , T 2 be the standard cohomology basis of P 2 given by the fundamental, hyperplane, and point classes respectively. On P 2 , the basic 1-cotangent line descendent integrals assemble in 3 series:
All descendent integrals with at most 1 cotangent line class may be reduced to one of the basic integrals above via the string, dilaton, and divisor equations. The first two series are defined in degree 0. A direct virtual class computation yields:
The integral of the Chern classes of the Hodge bundle over M 2 may be computed by a method due to Faber ([Fa] ).
Following conventions, let the variable t i j correspond to the class T i ψ j , where 0 ≤ i ≤ 2 and j ≥ 0. Let t denote the variable set {t i j }, and let γ = t i j T i ψ j be the formal sum. Let F 2,P 2 (t) denote the full genus 2 gravitational potential function:
We will consider the cut-off of F 2,P 2 (t) at 1-cotangent line:
2,P 2 may be written explicitly in terms of the 3 basic series:
Relation (4) will yield differential equations which determine F 1 2,P 2 from degree 0 values (13) and the known elliptic and rational Gromov-Witten potentials.
The descendent integrals (1) are defined via the cotangent lines on the moduli space of maps. Let 2g − 2 + n > 0, and let
be the forgetful map. The following integrals are similar to the descendents:
The cotangent lines here are pulled back from the moduli space of stable pointed curves. The integral invariants (15) are naturally equivalent to the descendent invariants. The two sets of invariants are related by universal invertible transformations (see [KM3] ). The differential equations obtained from relation (4) via the splitting formula in Gromov-Witten theory are most conveniently expressible in terms of generating functions for the invariants (15). However, in the restricted case of 1-cotangent line integrals on P 2 , the two sets of invariants are exactly equal.
Lemma 7. Let g > 0 and d ≥ 0. Let γ i ∈ H * (P 2 , Q). An equality of 1-cotangent line integrals holds for P 2 :
Proof. Define the pairing matrix (g ij ) by
. By the formulas of [KM3] , the difference between the integrals (16) is expressed in terms of pure Gromov-Witten invariants:
where the sum is over all degree splittings d 1 +d 2 = d satisfying d 1 > 0 and the diagonal splitting. The only nonvanishing 2-point genus 0 Gromov-Witten invariant of positive degree is T 2 · T 2 0,1 . Hence, only the summands with j = 0 can contribute. However, Gromov-Witten invariants of genus g > 0 with an argument T 0 vanish by the axiom of the fundamental class.
Let F 2,P 2 denote the full genus 2 potential function defined using the integrals (15) instead of the descendents, and let F 1 2,P 2 be the 1-cotangent line cut-off. Then, by Lemma 7, F 1 2,P 2 = F 1 2,P 2 .
3.2. Pull-backs of descendent stratum classes. In order to find differential equations via the splitting formula, the pull-backs of relation (4) to M 2,3+l will be required. More generally, let ν denote the forgetful map,
The pure boundary strata (without cotangent line classes) of M g,n are naturally indexed by stable, n-pointed, genus g dual graphs: the vertices, edges, and markings of the graph correspond to the components, nodes, and marked points of the curve with moduli point generic in the stratum. The dual graph of a stratum is equivalent data to the topological type and marking distribution of its generic curve (the latter is the notation chosen in Section 2 for visual simplicity). Let Γ be a stable dual graph. The class of the stratum S Γ ⊂ M g,n pulls back under the forgetful map ν to the sum of classes of boundary strata obtained by all possible distributions of the l extra points {q 1 , . . . , q l } on the vertices of Γ. For example, the pull back of the class While the pull-back of a descendent stratum class is a sum of descendent stratum classes, the pull-back is not obtained simply by distributing the extra markings as in (18). The additional complexity occurs because the pull-back of a cotangent line class via the forgetful map (17) is not the corresponding cotangent line class on the domain.
Lemma 8. There is an equality: Using these formulas, the pull-backs of relation (4) to M 2,3+l yield descendent stratum class relations.
3.3. The splitting formula in Gromov-Witten theory. We review here the splitting formula following [KM1] . Let X be a nonsingular projective variety with cohomology basis T 0 , . . . , T m . Let g ij = T i ∪ T j , and let (g ij ) = (g ij ) −1 . Let 2g − 2 + n > 0. As in Section (3.1), let f : M g,n (X, β) → M g,n be the forgetful map. Let γ i ∈ H * (X, Q). A Gromov-Witten class n i=1 γ i g,β is an element of H * (M g,n , Q) defined via push-forward by f :
Let Γ be a stable, n-pointed, genus g dual graph corresponding to a stratum class [S Γ ]. Let V and E denote the set of vertices and edges of Γ. Let E flag denote the set of edge flags (an edge is made up of 2 edge flags). For each vertex v ∈ V, let I(v) and E flag (v) be the set of markings and edge flags incident at v. Let val(v) denote the valence of v in Γ, and let g(v) be the genus assignment. For an edge E ∈ E, let E f and E * f denote the corresponding two edge flags. Let A be the automorphism group of the graph (as a pointed graph with genus assignment). Let ι : S Γ ֒→ M g,n denote the inclusion. Let π : v∈V M g(v),val(v) → S Γ be the natural map. The splitting formula is:
T ǫ(e) g(v),φ(v) .
The sum is over all functions ǫ : E flag → {0, . . . , m} from edge flags to the basis index set, and all functions φ : V → H 2 (X, Z) satisfying v∈V φ(v) = β.
3.4. Differential equations. Relation (4), the pull-back formulas of Section 3.2, and the splitting formula naturally yield differential equations for the potential function F 2,X . Let F 0,X and F 1,X denote the full potential functions in genus 0 and 1 with respect to the integrals (15). Letγ = t i j T i f * (ψ j ) be the formal sum. Then is constructed from relation (4) in the following manner.
A pure boundary stratum S Γ ⊂ M 2,3 naturally yields a differential expression: place potentials on the vertices of the dual graph, insert the 3 point conditions via differentiation, sum over diagonal splittings at the edges, and divide by the number of graph automorphisms. For example, the strata .
Equation (20) is constructed by replacing the strata classes in (4) by the corresponding differential expressions. Equation (20) is then easily proven by pulling-back (4) to the moduli spaces and applying the splitting formula.
Equations strictly among 1-cotangent line integrals of X may be obtained from the differential equations (20) In each of these terms, the derivative appears only once, with j = 1. Moreover, the derivative acts on the genus 2 potential. Hence, equation (21) 
